ON THE DISCRETE SPECTRUM OF A PSEUDO-RELATIVISTIC 
TWO-BODY PAIR OPERATOR 



SEMJON VUGALTER AND TIMO WEIDL 



Abstract. We prove Cwikel-Lieb-Rosenbljum and Lieb-Thirring type 
bounds on the discrete spectrum of a two-body pair operator and calcu- 
late spectral asymptotics for the eigenvalue moments and the local spec- 
tral density in the pseudo-relativistic limit. 



1. Introduction 

1.1. Statement of the problem. In this paper we consider the behaviour of 
two particles with the masses m+ and m_ in the absence of external fields. 
The non-relativistic Hamiltonian of such a system is given by 

(1) —A--V{x+-x-) on L2(r2^), 

2m_(. 2m_ 

where x^,x'' E M°' denote the spatial coordinates and —V stands for the 
interaction between the particles. Due to translational invariance, this oper- 
ator is unitary equivalent to the direct integral J®^ h{P)dP, where 

h(P) = Ay-V(y) + -^, p=\P\ 



acts on L'^iW'-). The parameter M = m+ + m_ is the total mass of the 
system and P e R*^ is the total momentum. The spectrum of ([T]) is the union 
of the spectra of the pair operators h{P) for all P E W^. Notice that h{P) 

2 

depends on P only by a shift of and the spectra of all h{P) coincide 
modulo the respective shift. In other words, the fundamental properties 
of the pair operator do not depend on the choice of the inertial system of 
coordinates. 

On the other hand, if we consider the pseudo-relativistic Hamiltonian 



A+ + m4 + V - A" + mi - V{x^ - x~ 
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the corresponding decomposition into a direct integral J^^ hrei{P)dP gives 
rise to the pair operators 

(2) 

hrei{P) = + ^J\|^-P + ^Vy\^ + ^^lM^ - V{y), 

where ii± = m±M~^. Obviously these operators show a much more in- 
volved dependence on the total momentum P E W^. This implies a non- 
trivial behaviour of the spectra of hrei{P) in P. For example, if —V is 
a smooth, compactly supported attractive well, the essential spectrum of 
hrei{P) coincides with the interval [{p"^ + M'^Y^'^, oo) and the discrete spec- 
trum is finite. However, the distribution of the negative eigenvalues of 

(3) qreliP) = KeliP)-VP^ + M^ P=|P|, 

depends on P. Even if the attractive force —V is too weak to induce nega- 
tive bound states for small p, eigenvalues will appear as p grows and their 
total number tends to infinity as p ^ oo. Our paper is devoted to the study 
of this phenomenom. 

More precisely, we shall study the following quantities. First, for given 
P we chose the system of coordinates such that P = (p, 0, . . . , 0) and we 
stretch the spatial variables by the factor Obviously p~^qrei{P) is uni- 
tary equivalent to the operator 

(4) Q{zV,y) = Hp{zV)-Vp{y), 
where Vp{y) = V{yp~^) and 

for 

T±(0 = 7l(r/T/^±)2+|CP + /^iMV^ 

with e G e = (^,0 for 6 = G M and (^2, ...,^d) = C e M^-\ 
fx± > 0, p > 0. Throughout this paper we focus on the case of higher 
dimensions d > 3. We will discuss the behaviour of the total number of 
negative eigenvalues (including multiplicities)^ 

Np{V)=trx{-oo,o){Qpi^^y)) 
and the sum of the absolute values of the negative eigenvalues^ 

Sp{V)=tr (Qp(^V,y))- 

^ By X(o,oo) we denote the characteristic function of the negative semiaxes. 
^ For real x we put 2x- — \x\ ~ x. 
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of the operator Qp{i'V,y). In particular, we shall compare these spectral 
quantities with their classical counterparts 

(5) 

(6) Sp 

1.2. The classical picture. Already the initial analysis of the phase space 
averages (|5|) and @ shows somewhat unexpected results. Put V > 0. It is 
not difficuk to see, that Ep is finite if and only if V e Li(]R^) n L'^(R"'), 
while Sp is finite if and only if V G Li+\R'^) n L'^+\R'^). However, 
within these classes of potentials the quantities Sp and Sp show various 
asymptotical orders in p as p ^ oo. Indeed, we haveQ 

if VeL^nL'^, 
if V e L— n L'^+i 

as p ^ OO.0 On the other hand, consider the model potentials 

(9) Vgiy) = min{l,v\y\-''/'}. 

lf^<e<d then Kg G n L"' C {lI n L'^)\L^ and it holds 

(10) S,(\/,)=ci(rf,^,/i±)/+VM^-i-2^(l + o(l)), i^<6<d, 

as p oo, see also ( |104D . Similarly, if < 6 < d + 1 then we have 

Ve^Lln L^+i C (Li+i n and 

(11) 

as p ^ oo, cf. ( |107D . Obviously formulae ( [TO| ) and ( PTj ) differ from (0) 
and (||) not only in the leading order of p, but also in the character of the 
dependence of the asymptotic constants on V . For the benefit of the reader 
we attach the calculation of these formulae in Appendix I. 

To discuss the difference in character of (0)-(0) and ([TI]|)-([TT|) it is useful 
to consider the massless limit case. Put 

(12) Qp{U) = m)-Vp{y). 

^ Below LOd is the volume of the d-dimensional unit ball. 

^ We point out that the powers of V in (Q), are typical for the phase space behaviour 
of Schrodinger operators in the spatial dimension d — 1. 
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Hp(r) = (27r) 



-d 




didy, 



Qp<0 



Sp(y) = i2n)-''J j {Qp{i,y)).didy. 



(7) Hp(\/)= i^.iiqiii±^/v^rfy 



where 



H{0 = ll^HpiO = |e+ - + |e_ - ^1 - 2, e± = (±/i±, 0, ... 0). 

Let Sp(V) and I]p(V') be the analogs of (§) and (||), if we replace Qp by Qp. 
Then Ep{V) and Sp(V^) are finite, if and only if V G n L"^ or V e 
n respectively. For these classes of potentials the asymptotics 
(0) and (Q) can be carried over to the case M = as well. For potentials @, 
corresponding to the cases ( [T0| ) or ([TT|), the quantities Sp(Ve) and 11^(^6)) 
are infinite for all p > 0. 

1.3. Estimates on the counting function. In section 3 we start the spec- 
tral analysis of the operators (0) and develop Cwikel-Lieb-Rosenbljum type 
bounds on the counting function Np(y). The strong inhomogeneity of the 
symbol prevents us from using ready standard versions of Cwikel inequality 
[0, |BKS| ]. Instead we apply a modification [ ]W1| , |W2| ], where the estimate 



follows the phase space distribution as close as possible even for compli- 
cated symbols. In particular, we show that for p > M > 

(13) Np{V) < c{p'{l + lnpM-')\\V\\^, + \\V\\%), d = 3, 

(14) Np{V) < c(p'*'||F||T, +11^11^,), d>4, 

(15) Np{V) < c{p'+'M''-'-''\\V\C^ + \\V\\%), d>3, 

where < 6^ < d in (|T5|)pl, whenever the respective r.h.s. is finite. The 
leading terms in the bounds (|14|) and ( p3| ) reduplicate the correct asymptotic 
order in p in and ([T0|). 

The appearance of some mass dependence in ( [131 ) is natural, since one 
expects that the massless operator Qp has generically infinite negative spec- 
trum for d = 3 and all p > 0. Indeed, the massless kinetic energy H{^) van- 
ishes on the interval between e+ and e_, the first coordinate of the momen- 
tum will not contribute in this region and we experience practically ad — 1 
dimensional kinetic behaviour. Hence, to establish ( [TBI ) for d = 3 we have 
to deal with problems resembling spectral estimates for two-dimensional 
Schrodinger operators. In the massless case virtual bound states will pre- 
vent any estimates on Np{V). The inclusion of a finite mass supresses this 
effect to some extend, but leads with our method of proof to the additional 
factor (1 + InpM'^) in compared to ®. 

If the potential V has a repulsive tail at infinity, the bound ( [T3l ) can be 
complemented by the estimate 

Np < c(y)p^ p > M > 0, d = 3. 



Here || • ||g stands for the "weak" norm of the Lorentz space L^. 
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This is carried out in Theorem in Appendix II. Moreover, combining the 
techniques of Appendix II and inequality ([13]) it is possible to show that 
N = o{p^ InpM-i) as p ^ oo for arbitrary V G ^^(IR^) n L^{^^). Nev- 
ertheless it remains an open problem, up to what extend the logarithmic 
increase in p can be removed from ([131) in general. 



1 .4. Estimates on the eigenvalue moments. In section 4 we integrate the 
estimates (p^-([T5|) according to the Lieb-Aizenman trick [ jAL| ] to obtain 



Lieb-Thirring type bounds on the sums of the negative eigenvalues and find 
that for p > M > 

mS,{V) < c{p{l + \npM-')\\V\\^,+p-'\\V\\%), d = 3, 

(ii)S,{v) < cl^p'^wvwj^+p-'wvCl), d>A, 

(\S)S,{V) < c[p'-'M'^^'-''\\V\\l^+p-'\\vCl), d>3, 

where ^ < < d in (^). The bounds (|T^ and ([17|) are immediate 
consequences of (|0]) and ([T^, respectively. The estimate ( [T^ ) carries again 
an additional logarithmic factor. Since eigenvalue moments behave usually 
more regular than counting functions, the question on the essence of this 
term stands even more pressing in this situation. The derivation of ( [T^ ) 
from ([T5|) is somehow more involved, because bounds with Lorentz norms 



cannot be handled in the same way as in [ |AL| ] 



1.5. Spectral asymptotics and coherent states. In section 5 we state in 
Theorems ^ and ^ the main asymptotic results of this paper. In a first step 
we obtain the formula 

(19) Sp{V) = {l + o{l))Ep{V) as p-^oo, 

if for d = 3 the potential V has uniformly bounded, continuous second 
derivatives and V G L^(M3)nL^(M3) for some ^ < 2; orif ^ G L^{R'^)n 
j^d+i (T^d-\^ j^Qj. > 4 jj^is result, which is obtained by means of coherent 
states, corresponds essentially to the case of the phase space asymptotics (||) 
and relates to the bounds ([T^), ([TtI). In section 5 we provide the necessary 
background information on Berezin-Lieb inequalities. In sections 6 and 7 
we implement these methods for the specific symbol at hand. The proof of 
Theorem |^ is finally given in section 8. We point out that our methods do 



not avail for spectral asymptotics in the case ([Tl|). 

While the coherent state method works well for traces of convex func- 
tions of the operator, such as Sp{V), the application to counting functions 
is more subtle. Essentially one has to differentiate the asymptotic formula 
([1^1), what requires special attention. In section 9 we avail to the extend, 
that we can give asymptotics of the local spectral density. Assume that 
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U,V > 0,U,V e n L'^+i for some ^ < and that U and V possess 
uniformly bounded second derivatives. Put U (y; p) = U (p^^y). Then 

Un, p-^..f/(„),„(Q,(.V.,)) ^ ^ /f/WV^^M... 

The function U has to decay at infinity and one cannot put U = 1 and 
deduce an asymptotic for Np{V) itself. However, it is clear that 

liminf p~^AL(\/) > — / V^dx. 

This sharp lower bound complements the estimates from above (|T3[) and 
(|n|). We follow an approach similar to [ |HLSS| ]. Our methods do not provide 



sharp asymptotic s in the setting of ([T0|). 

1.6. Acknowledgements. The authors acknowledge the financial support 
from the Swedish Institute, the DAAD and the EU Network on Quantum 
Mechanics. We wish also to express our gratidute to H. Siedentop for the 
numerous fruitful discussions on this material. The first author acknowl- 
edges the kind support of ESI Vienna. 

2. Notation 

Let LP{M.^) be the space of p-integrable functions with respect to the 
Lebesgue measure u = dxon equipped with the standard norm || ■ || ^p^^j^d) . 
We shall omit the spaces from our notation where possible. 

If / is a real-valued function on R.'^ and measurable with respect to the 
Lebesgue measure u, then put 

(20) = (|/(x)|±/(x))/2, 

(21) j^fis) = iy{{\f{x)\>s}), s>0, 

(22) f*{t) = inf s, t>0. 

l'f{s)<t 

Note that / \f\'^du = J {f*)^dt and that |/i(x)| > |/2(x)| for a.e. x E M.'^ 
implies f*{t) > f*{t) for all t > 0. We say that / G L^(M"') if 



q,w 



t>0 



is finite. Beside the quasi-norm we shall also use the asymptotical 

functional 

t— >oo 

A,(/) = limsupt-^-V;(t), 

t— »oo 

which are continuous on Ll^(W^). 



The function xm will denote the characteristic function of the set M. If 
M = {—oo, t) C M we write in shorthand Xt = X(-oo,t)- Let cud stand for 
the volume of the unit ball in M°'. 

Finally, by c or Cj,k we denote various constants where we do not keep 
track of their exact values. In particular, the same notion c in different 
equations does not imply that these constants coincide. 

3. Uniform Estimates on the Number of Negative 
Eigenvalues: Cwikel's Inequality Revised 

3.1. Statement of the result. In this section we discuss a priori bounds on 
the counting function of the discrete spectrum of the operator 

Qp{zV,y) = Hp{^)-V,{y). 

Our goal is to find estimates, which reproduce the behaviour of the phase 
space 

= E,{V) = (27r)-'^ / / d^dy 

J JQp<0 

in general, and the asymptotics of Sp for p — > cxd in particular, as closely as 
possible. In particular, we shall obtain the following two statements. 

Theorem 1. Assume that V >0,V e L^{M.'^)nL'^{R'^) andp > M > 0. 
Then there exists a finite constant c = c{d), which is independent on p, M 
and V, such that 

(23) Np{V) < c{p^l + \npM-')\\V\\^, + \\V\\l,), d = 3, 

(24) Np{V) < 0(^^^11^111^ + 11^11^,), d>4. 

Remark 1. Note that for ci = 3 in contrast to the asymptotical behaviour of 
the phase space volume Ep x HV^H^^i as p 00 for V E L^(]R^) fl 
^^(R'^), the bound (P3|) contains an additional logarithmic factor. This 



underlines, that formula ( P3| ) has in fact a two-dimensional character, see 
[W2]. 

Remark 2. We point out, that in the case M = in the dimension d = 3 
one expects infinite many negative eigenvalues for any non-trivial attractive 
potential F > 0. In contrast to that in higher dimensions the bound ( |2^ ) 
holds true in the massless case as well. 

Theorem 2. Assume that d > 3, V > and V e L^(M^) n L'^{R'^) for 
< 9 < ^. Then there exist finite constants ci{9) and 02(6*) independent 
on p, M and V, such that 

(25) Np{V) < c^{e)p'^'M'-'-'' \\V\\l^ + 0,(6) \\V\\i, 



for all 0< M <p. 



Remark 3. The corresponding asymptotics shows that for large p the r.h.s. 
of ( ^5l ) is of the same order in p as Ep(y), if the potential V satisfies 

6e{V) = Ag{V) =v>0. 

The remaining part of this section is devoted to the proof of Theorem [l] 
and Theorem ^. 

3.2. A modification of Cwikel's inequality. Let Qa,b be an operator of 
the type 

Qa,b = B{tV) - A{x) 

on L^(M'^), where A = a'^ and B = 6^^ with a, 6 > 0. Assume that the 
operator 

Ea,b = a{x)b{^) 

is compact in L^(M'^) and let {sn{Ea,b)}n>i be the non-increasing sequence 
of the singular values (approximation numbers) of Ea^b- According to the 
Birman-Schwinger principle [0, ^] the total multiplicity of the negative 
spectrum of Qa,b equals to the number of singular values Sn{Eafi) exceed- 
ing one, that is 

Na,b ■■= trxo{QA,B) = card {n : Sn{Ea,b) > 1} • 

Hence, spectral estimates on the operators Qa,b can be found in terms of 
estimates on the sequence b)}„>i. In particular, if a and b satisfy 

a e ^{W^) and b e L'^^O^'^) for some 2 < r < oo, then according to [C] 

Ea,b e S^{L\R'')) and 

(26) s„(E,,,) < C3.i(r,rf)n-^/^ ||a||^. forall neK 

The bound (^ is of particular interest if 6(0 = \^\~'^^'' G Ki^'^)' since 
then the factor ||a||2r is proportional to the volume of the portion of the 
classical phase space given by 

{(x,0 G X M<^|a(x)6(0 > 1}- 

For functions b{^) which are not "optimal" members of the weak class 
LJ^(M"'), the right hand side of ( p6| ) does not capture the respective phase 
space volumina. We are therefore in need for a suitable generalisation of 



(p6|), which is applicable to a sufficiently wide class of symbols b and which 
reflects the phase space character of the estimate even for non-homogeneous 
symbols. Corresponding results can be found in [ |W1| , |W2| ] . For the problem 



at hand we shall use the following statement from [ |W2| ]. 



Consider the function q{x,^) = a{x)b(^) on x R'^ and assume that 
q e L2(M2d) + 2^oo(^^2d^ HereLg°(R2<^) stands for the subspace of bounded 



functions q satisfying q{x,^) — > as |x| + |,^| oo. Let q* be the non- 
increasing rearrangement of q, see (^2|) and put 

(27) {q){i)= \ i ' I {q\t)fdt' 




which is finite for any t > 0. If u = dxd^ is the Lebesgue measure on 
M^'^ and the distribution function Uq is defined according to (plj), then using 
integration by parts the quantity (E7|) can also be rewritten as follows 



(2 \ 
{Q*{i)? + j suq{s)ds] , i>0. 
t Jq-it) / 

The following proposition holds true: 

Proposition!. (W^) Assume that qjx^j) = a(x)6(0 G L'^{R^'^)+L^{R'^'^) 
Then Ea^b £ Soo{L?'{R'^)) and the inequality 

(29) Sn{Ea,b) < 5 (g) ((27r)^n) 

/2o/J5 true for all n G N. 

Remark 4. In conjunction with the Birman-Schwinger principle the bound 
implies 



(30) ^ < (g) {{2TiYNA,B) ■ 

3.3. Cwikel's inequality for the operator Hp{^) — Vp{y). Preliminary 
estimates. Now we apply Proposition [1] to the particular symbol qp{x,^) = 
ap{x)bp{0 with Ap{x) = afix) = Vp{x) > and 5p(0 = b;\0 = 
HpiO- We start with some basic observations. Obviously it holds 

= ^{{^,0 e M"" X R''\qp{x,0 >s}= Hp(s-V), s > 0. 

The behaviour of the quantity Ep is analysed in Appendix I. We establish 
there that according to ( p8| ) and ( |100D for p > M the two-sided bound 

holds true, where 
(32) 

(33) 
(34) 





-+i 


Jni{p,s) 




d+l 
P 2 








/ V^dx, 



and 

(35) ^i{p,s) = {x\V{x) < s'^M^p-^}, 

(36) ^2ip,s) = {x\s'^M^p-^ <V{x) <s'^p}, 

(37) n3{p,s) = {x\Vix) > s^p}. 
Moreover, note that from (|T]) and (^, ( ^ one concludes 



I'gpis) > C3.2 



P' 



4+1 



\^ cix + C3.3S 



' V^dx, 



s>0. 



Since we assume p > M, the bound i^q^is) > C3.4S 
Hence, for the inverse q* of we have 



-2d 



holds true. 



(38) 



1/2 



t > 0. 



3.4. Potentials V e L— 

and ( p5| ) imply 



n L'^(]R^). For this class of potentials (|3T]) 



i^g„(s) < C3.6max <^ '^p 



or 



(39) 



' d-1 'ri2(d~l) 



d-1 



1/2 



]_ 

t 2d 



d 



1/2 



Assume now that c/ > 4. Then (^, (^ and (^ imply 

(40) 1 < C3.8(iVp(V^))-^P^ II^IL^ +C3.9(iVp(V^))^^ 



The analogous bound for the case = 3 requires some more attention. 



For this we insert each of the three summand (32)-(34) in (31) into the 



integral in ( |28| ) and obtain 

1 5 r 3 /'oo 

- / si^i,q,is)(^s < C3.ioi-^M-^pl / dxVl{x) 



(41) 



M-'^y/pV(x) 



s ^ds 



(42) 

as well as 



< C3.i3||^ILit-yinpM-\ 



i / ■SZ/3,,^(s)rfs < C3.i4t ^ / Cix\/^(x) / 

t Jq;{t) Jrs Jq; 



s ^ds 



it) 
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L3 



By the last bound implies 



1 



t 



oo 



(43) ; / su3,,^{s)ds<C3.id-'^'\\V\\^,. 



If we insert ©-(gD into (|2|) and (|0|) we arrive at 
(44) 

1 < C3.i7max {{N,{V)r' \\V\\,.p' (l + InpM-^) , {N,{V))-'/' \\V\\,,} . 
The relations (^) and imply Theorem |T| 

3.5. Potentials V e Ll{R'^) n L'^{R'^), ^ < < f . First observe, that 
(|4|) implies 



(45) ^^3,,,(s) <C3.i8S-2^||l^|ll., s>0. 
Furthermore, by ( |32| ) and (^3j) we have 

(46) < C3.19 j^^ l^^'^(^) ^ 

Assume now < v, that is V*{t) < vt^i for all t > 0. Passing from 

integration in space to integration of rearrangements (46) turns into 

/■oo f ^4-1 ^ 

iyi,g,{s) + ^2,,,{s) < C3.20 mm^-^v-H 2.,__^2t 20 K dt 

d_i_i d+1 d-1 

Oa""" d T) 2 7) 2 1 d-1 

< ^-iW^.^t^ - + C3.,.(^)^^^t^ - 

withtc = M-^^s'^^^p^, and 

+ ^2,,,(S) < C3.23(^)^'M'^-^-^^-V+'. 

Together with ( p3| ) this gives 

^,,(3) <C3.24Wmax{pi+^M^-i-2V2^||F||^,,,s-2^||y||^ . > 0, 
and 

< C3.25(^)max|p^+2^M^-i 11^111,^^^, ll^llt r^} , t > 0. 
From ( P^ ) we conclude Theorem ^ 
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4. Uniform estimates on the Eigenvalue Moments: 
Lieb-Thirring Inequalities Revised. 

4.1. Statement of the results. Alongside with estimates on the number 
of negative eigenvalues we shall make use of estimates on the moments of 
eigenvalues. Given a bound on the counting function Np{V), estimates on 
eigenvalue sums can be deduced from the identity 

POO 

(47) Sp{V) = / N.,iV-pu)du. 

Jo 

We shall obtain the following estimates. 

Theorem 3. Assume that V >0,V e L^(R'^) nL'^+H^'^) andO< M < 
p. Then there exist finite constants c = c{d) independent on V, M and p, 
such that 

mS.iV) < c{p{l + \npM-^)\\V\\l,+p-^\\V\\'L,), d = 3, 
mSpiV) < c{p'^\\V\\^+p-'\\V\\ftl), d>A. 

Remark 5. The respective asymptotics in section 4 show that the r.h.s. of 
(B9[) captures the correct asymptotical order of the phase space average 



Sp(y) as p — > cxD, while (Q) carries an additional logarithmic factor similar 
to(E3D. 



Theorem 4. Assume that d > 3, V > and V E Ll{R'^) f] L'^(M'^)/or 
< 9 < ^ + I. Then there exist finite constants ci{6) and C2{9) indepen- 
dent on p, M and V, such that 

(50) S,{V) < c,{9)p'-'M'^'-'' \\V\\l^ + C2{9) \\V\\% 
for alio < M <p. 

Remark 6. The asymptotics in section 4 show that the r.h.s. of the second 
estimate has the same asymptotical order in p as T.p(y ) for p — > oo, if the 
potential V >0 satisfies 5e{V) = Ag{V) = v > 0. 



4.2. Potentials V E L—(R'^) n L'^+^M'^). First put d = 3. Standard 
variational arguments and the Aizenman-Lieb integration QALQ of the bound 
give 

Sp{V) < C4,ip(l + lnpM-i) [ du [ {V-pu)+dx 

Jo JR'i 
roc p 

+C4.2 / du I {y — puf,dx, 



which implies (^S|). In higher dimensions a similar integration of ( ^^ im- 
plies 

12 



4.3. Potentials V+ E Li{R'^) n L'^+i(M^) with ^ < < f + 1. The in- 



equality ( p5| ) contains a term with a weak Lj^-norm. In contrast to the usual 
L^-norms, these weak norms in the bound for the counting function cannot 
be carried over a respective weak norm in the Lieb-Thirring inequality via 
the Aizenman-Lieb trick. In fact, for the proof of our results below it shows 
to be necessary to refine ( p5| ) for potentials V = {W — pu)+. 

Using the same notation as in the previous section in analogy to ( |45| ) we 
first find that 

(51) Ug.As) < ca.ss-"" I {W{x) -pu)%dx. 

On the other hand, in analogy to (46) passing to the integration of rearrange- 
ments we find 



d+1 

d P 2 

^g„l + ^q„2 < C^A Hlin ^ J^{W - pu)l, ^(^^ " Pu) dx 

< C4.5 mmr-^AW*-pu)l^-^{W*-pu)^^ \dt. 

Put W e Ll, and \\W\\^^q < v, that is W*{t) < vr^ for t > 0. Then we 
see that 



pi+l /-oo 



J tc 

d+1 „f 

p— r" 1 ill 
+C4.7-5rr / (^^ s-pu)_^^ dt, 
3 Jo 

where tc = v^{pu + p^^ M"^)^^ . The later integral transforms into 

f+l np-^s-^M^ ^ 
i^g„l(s) + Z/,,,2(S) < C4.8^f73r / (t + pu)-^~H^ dt 



d+1 



VP 2 / , d_i 

(52) +C4.9— ^ / it + pu)-'-H— dt 



Notice that for ^ < ^ < | + 1 we have 

(53) {t + u)-^-HUt < C4.iomin|ai+^n"^"\n^"^| , 

poo 

(54) / {t + u)~'^'H^dt < C4.iimin|{i^"^a'^"^| , 

where the minimum is taken for the first elements of the respective sets if 
< a < M, and for the second elements if < m < a. From ( |5^ and (53), 
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(EM) we conclude that 



if s^M'^p ^ < M, and 

for s^M'^p^'^ > u. These two bounds in conjunction with ( |5ll ) give 

< c,,,,s-^'\\{W-pu)X^ + c,,,ymin[s'-Y~'n'^-\ 

The inverse q* of satisfies then the bound 

q*p{t) < C4.i7t"^ + C4.i8min 

for all t > 0. Hence, if > 4 we get 



d-e 



{qp){t) < C4.i9t^^ + C4.2omin 



1 6) 1 ) 

td-\ud-l 2 



Vdp'^^ d U2 d V2p 28 M ■iO 

TTTI ' X 

tdMd t^e 



for alH > 0, while for the dimension d = 3 we obtain 

yip 20 ^2 
t2eM^ e 

e A-6 i_e e 3-9 i-9 , / a 

as t > 0. In view of we conclude, that it holds either in higher dime- 
sions 

Np{W-pu) < C4.23||(W^-H + llld + C4.24^'min|/-^^-^ 

(55) p'^+i-'^M-^M^^ + pi+^M'^-i-^^} , d > 4, 
or 

Arp(l^-pu) < C4.25||(W"-p«)+|lld + C4.26t^Vin|M-y-%i-V 

(56) +M2-V+',w"'mV-7(Cv^pM-1)} if c/ = 3, 
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where C is some fixed finite positive constant and y = f{x) is the inverse 
function to x = y/y/ (1 + ln+ Cy) on M+. 

Inserting (|5^) into ( p7| ) we obtain immediately ( pO| ) for > 4. To settle 
the case c/ = 3 we first note that /(x) < cx^(l + ln+ ^JCxY if c is chosen 

such that > (1 + ln+ 1) ^1 + ln+ ^^/^^^ j for alH > 0. Hence, the 
bound ( ^6| ) can be developed as follows 

(57) 



N^{y - pu) < C4.27 j ^ \n+{VC^pM-')f for n > ^ 

For 9 > 2, the following identity holds true 

POO 

/ + ln(av^))2c/M 



for any a > 0. If we integrate ( p7| ) in m for 2 < ^ < | and take ( p8[ ) into 
account, we arrive at (pOb. 



5. asymptotics of the eigenvalue moments and the 
Counting Function 

5.1. Statement of the main results. We turn now to the calculation of the 
asymptotical behaviour of Sp(V) and Np(y) for certain cases. In particular, 
we shall obtain the following two formulae: 

Theorem 5. Assume that V G L^(R^) fl L^{M.^)for some 6 < 2 and that 

V has uniformly bounded, continuous second derivatives if d = 3, or that 

V e L^(M'^) n L'^+i(R'^) ifd > 4. Then the asymptotical formula 

(59) s,iv) = (1 + oim.iv) = ^l^+^^^^l^T^ / y^iy)dy 

{d +1)2 — 71'^ jRd 

holds true as p —* oo. 



Remark 7. For d = 3 the assumptions on the potential V in Theorem |5| 
are more restrictive than the natural one V G fl L^. The additional 
logarithmic factor in ( p8[ ) prevents one to use this bound to close formula 



( p9| ) to the natural class of potentials. It remains an open problem, whether 
(121) holds actually for all V E L"^ n if d = 3. 



15 



Theorem 6. Assume that U,V > 0, U,V e L'^ n for some 9 < 
and that U and V possess uniformly bounded second derivatives. Put 
U{y;p) = U{p~^y). Then 

(60) U.p-^*.t/fe;p)..«2,(.V,.),^^/c/(.)v¥,.)d.. 

We mention the following obvious consequence of Theorem ^: 

Corollary 1. IfV>Q has uniformly bounded second derivatives and V E 

L^n L^+i then 

d+l UJ(l I d-1 

liminfp 2 Np{V) > — V ^ dx. 
p^oo 2^2-71'^ J 

The remaining part of this paper is devoted to the proof of Theorem |5| 
and Theorem Our approach is based on the methods of coherent states. 
Therefore we first give a short survey of the necessary general material from 
this subject. 

5.2. Coherent States and Berezin-Lieb Inequalities: Preliminaries. Fix 

some spherically symmetric, smooth, non-negative function / with compact 
support in R'^, such that ||/||^2(]Rd) = 1. Put f^{x) = e'^/^/(ex) where e > 0. 
For given 7 = {y,^} with y,^ eW'- we define the coherent states 

(61) n;(x)=e-*«Ve(a:-y). 

For any fixed 7 and e it holds ||n^||^2|,jg^^ = 1. 

Let J be a non-negative, locally integrable function on R'^ with not more 
than polynomial growth at infinity. We define the operator J(iV) = $* 7$ 
in the usual way with $ being the unitary Fourier transformation. Put / = 
$/. In view of our choice of coherent states it is associated with the symbol 
function 

(62) U^)=m = (J(iv.)n;(x),n;(x))i2(i,.,,,) = (j^|/,n(o. 

The operator of multiplication by a locally integrable real- valued function 
W on R^ corresponds to the symbol 

«;,(7) = w^iy) = (W^(x)n;(x),n;(x))i2(K.,,,) = {W^f^){y), 

Here (■, ■)L2(iR'',dz) is the scalar product in L^(R°') with respect to the vari- 
able X and ui^v denotes the convolution 

If now W = Wi + W2, where Wi is uniformly bounded and W2 is form 
compact with respect to J(iV), the operator sum J(iV) + W{x) can be 
defined in the form sense. Let ip be some non-negative convex function 
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on M, such that il){J{iV) + W{x)) is trace class. Then the Lieb-Berezin 
inequality states that ([p^, see also [|LSl]) 



(63) 



Moreover, if the average of iJj(J(^) + W{y)) in M.^'^ with respect to ^7 is 
finite, then ip{j^{i\/) + is trace class and 



(64) 



Let us finally assume that in addition to this J or 14^ are twice continuously 
differentiable with the following uniform bounds on the matrix norms of 
the respective Hessians 



■(9(J) = max 
Put 



k ) kl=l 



and i!}(W) = max 



k J k,l=l 



-X 







for 
for 



X < 
X > ■ 



We also recall that x~t is the characteristic function of the interval (—00, —t) . 
Under the above conditions we have 

Lemma 1. The two-sided bound 

(65) j{J{i) + W{y) + K)_d-i < tr{J{T^/) + W{x))., 

(66) tr(J(zV) + l^(x))_ < j{J{i) + W{y))^d-i + Q^ 
holds true, where 

K = 2^§{J)§{W) \\xf{x)\\ IIV/II 

and 

e.= r trx-t{J{^) + W{x))dt. 
Jo 

Proof. Indeed, by Taylors formula we have 

j(e - a = AO - ■ V j(o + E ^^^Ir^e^e;, 



k,l 



where ^ is some point on the line segment connecting ^ and Inserting 



this into the integral expression for (p2[), because of 
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L2 



1 one 



finds that 



3 



Since is spherically symmetric, the first integral on the r.h.s. vanishes 
and 

(67) < ^(J)6^||V/||i.( 
In a similarly way we get 

(68) \w,{y) - W{y)\ < ^{W)e-^ ||x/(x)||^.. 



Now (|531), (57|) and ( |5BD for the optimal choice of e give the first inequality 
of Lemma [iJTOn the other hand ( l67| ) and ( l68[ ) imply 

J(iV) + iy(x) + K > j,„(zV) + w,o(a;) 

and 

tr (J(iV) + W^(x))_ < tr (jeo(iV) + Weo(a;))- + tr g^{J{iV) + W^(x)) 
with gii{x) = min {/t, —a;} for x < and Qnix) = for a; > 0. Since 

9n{,x) = / x-t{x)dt, 



the bound ( p^ implies the second statement of the Lemma. □ 



6. Moments of negative Eigenvalues. An Estimate from 

Below. 

6.1. Summary. We turn here to the study of the asymptotics of eigenvalue 
moments 

S(p) = tr{Qp{^,y))^, Q,itV,y) = R,iO - VM- 

Because of the divergence of the second derivatives of Hp{^ ) near the points 
e± = (±/i±, 0, . . . , 0) G M*^ as p — * oo, a straightforward application of the 
bound ( |65| ) in Lemma |l] will not lead to the desired results. Therefore we 
have to implement a suitable smoothing procedure of the symbol first. In 
this section we consider the bound from below. 
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6.2. Basic properties of the symbol Hp{^). Consider the functions 

withe G = (^,C)for6 = G Mand fe,---,^^) = C e M'^-i, 

M = m+ + m_, /i± = m±M~^. Here m± and p are positive parameters. 
We have 

H,{0 = T+(0 + T_(0 - v^T+MV^. 

This is a convex non-negative function, which is rotational symmetric with 
respect to the ?7-axes. It achieves a unique, non-degenerate minimum at the 
point e = where Hp{0) = 0. 

The gradient and the Hessian of T± calculate as follows 

VT±(0 = Tz\0{vTf^±,C)\ 
(VV*)T± = (I - (VT±)(VT±)*) . 

Hence, 

for all e G M^, p, M > and /, = 1, . . . , rf. 

6.3. Smoothing of the symbol. Let g he a smooth, spherically symmet- 
ric non-negative function on R'^ supported within the unit ball, such that 

/ g{x)dx = 1. If (T > we put ga{x) = a^'^g{a^^x), for cr = we set 
go{x) = 5{- — x) and define 

(70) Hp^^iO = [ Hp{^-y)g^f^^){y)dy 
It holds 

Lemma 2. The functions Hp{^) and Hpa-{^) satisfy the pointwise estimate 

(71) Hp{0<Hp,AO, eeM". 

Proof. Note that Hp is convex and the spherically symmetric weight g^ has 
the total mass L If we represent in ( [70| ) the term Hp{^ — y) in a Taylor series 
at the point ^ of order one with a positive quadratic form as remainder term, 
the inequality ( ]7Tt ) follows immediately. □ 
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(69) 



dHpiO 



< 2 and 



d'HpiO 



Put T± = T±{^) = \i — e±\. Below we chose 

r if e B+ U B; 

(72) a{i) = ar{0={ ^e^"^^'^^ if i ^ B; 

y re^+ if ^ G B+ 

where < r < min{/i+, /i_}/2, 5^ = : r±(^) < r} and 

1 -r-2r^(0 



Lemma 3. One can find an appropriate finite constant c, which is indepen- 
dent on p, M, r > 0, ^ G M'^ and k,l = 1, . . . d, such that 



(73) 
(74) 

Proof. Obviously it holds 



P,(T 



< c, 



(75) 

and 
(76) 

Since 
(77) 



^ d^kd^i duj ' f-^ d^k d^i dujdu, 

J — ^ Ji'' — ^ 



yv duj dui d'^Hp{v) 



g{t)dt. 



dar 



< Ce.i and 



from ( [75| ) and the first estimates in (p%, ( [77| ) we conclude (|73[). 

To estimate the second derivatives we note , that by ( |69| ) and ( [77| ) the first 
part of the integral on the r.h.s. of ( [76| ) can be estimated by C6.3(l + r"^), 



while the second term in (76) does not exceed 



C6.4 l{T-\u)+Tz\u))g{t)dt. 
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Note that T±(z/) > \t± — art\ and because g is bounded and of compact 
support we have 

g{t)dt ^ f r ,n ■ n ^''~'dt 

< ce,r,^— / d(f) / desme ' 



T±{v) ' a.^ y§d-2 Jo Jo Vl + - 2tcos9 



a, 



r JO 



< C6.6^ / f'-'it+l-lt-lDdt 



< C6.7min{r±\o-./}. 
For < r± < r/2 the function cr,. can be estimated by ar > e~^/^r. Hence, 

g{t)dt 1, 



and we conclude (f74|). □ 

6.4. The estimate from below. We are now in the position to obtain the 
main result of this section. Put 

By Lemma ^ we find that 

(78) tr (gp(zV,y))- > tr (Qp,.,(^V, 

Next we apply the first part of Lemma [l] with J = Hp^^^ and = to 
this bound. By ( [74| ) we have -d^Hp^^^) < cr~^ for < r < min{/i_|_, //_}, 
while i){Vp) < p~^^{V). Then implies that 

(79) tr(Qp,^,(zV,y))- > J{Qp,aM,y) + n)^dj, 



where k < ce.s ^/i^{V)r^^p^^ . From ( f78| ) and ( f79[ ) we finally conclude 
Lemma 4. T/ze inequality 



(80) 



holds true for some k < Cy/^^^T^yT^'^p^, where the constant c in the esti- 
mate for K can be chosen to be independent on V, p, M and r, < r < 
min{/i+,/i_}. 
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7. Moments of Negative Eigenvalues: An Estimate from 

Above 

7.1. Summary. We shall now accompany Lemma ^by a corresponding 
estimates from above. As in the previous section we smooth the symbol 
before applying from Lemma |T| But in the absence of a replacement 
of Lemma ^ we have to modify the symbol additionally. 



7.2. Modification of the symbol. We put 6 G (0, 1/2), ^ 
G = e M and (^2, • • • , ^d) = C e M.'^-\ and set 



(r/, C) with 



(81) 



/7p((l-%,C), 



Gp,5{i-y)ga{o{y)dy 
GpAi - (rm9it)dt. 



In analogy to ( [7^ let the function cr(^) = (Jr,s{0 be given by 

if ^^B^.UB-, 

(82) a{0 = ^rAO = { re^-^(«'^) if ^ e B', 

re'^+AM if ^ G 



where < r < min{/i_, B^^ 
(1 - (5)-ie± and 



-1 



Similar to the proof of Lemma |] one can show that the derivatives of Gp^^^^ (0 
satisfy the bounds 



(83) 
(84) 



dG 



p,5,a 



p,5,a 



< c, 



< c(l + r 



-In 



The constant c in (p3|), ( p4| ) can be chosen to be independent on p, M, r, C,, 
k, I, and 5 G (0, 1 /2) as well. 

Lemma 5. There exists a finite positive constant C = C yU_), such that 
the bound 



(85) 



holds true for all r < min{/i_, (75}, < 5 < 1/2 and all p > M > 0. 
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Proof. Let r < mm{/i_, Since 

Gm..(0 = ^p((i-%,C) if e^fi^ui?,;,, 



the bound ( |85| ) for that case is an obvious consequence of the local mono- 
tonicity of Hp(r]X) '^t^V for fixed p, M and C. 

On the other hand, by @) it holds \dHp/dr]\ < 2 and laCp^^/^r]! < 2. 
Hence, if 



r < r(5) = (ifp(e±,5) - G'p(e±,5))/4 



we have 



(86) min Hp{^') > max Gp^siC)- 



For any ^ e and t G M^, |t| < 1 it holds 

The later inequality follows from the fact that x + e~^^~^'^^ ^ < 1 for all 



< x < 1. Thus, the argument ^" = ^ — tar,5{^) of Gp^s in < Ww satisfies 
C £ B^s support of g, and we conclude (|5]) from (|6|) and the 

normalisation of g. 

It remains to estimate r(5) from below. Note that Mp^^ < 1 and < 
5 < 1/2. Then 

Ar{6) = Hp{e±,s) ~ Hp{e±) 

> T-r^ mm Hp{7],0,0) 

1 — d At±<'?</i±(i-<5)~^ or] 

This completes the proof. □ 
7.3. The estimate from above. We put now 

Qp,v(^V,?/) = Gp^s^i^) -Vp{y). 

From ( |8^ ) it follows that for cr = ar^s 

tr{Qp{i^,y))- < tr{Qp^s,.^,{r^,y))~ 

if r < min{|U_, C{fj,^, f^-)^}- For the eigenvalue sum on the right hand 
side we can apply ( |66| ) in Lemma |T] and we conclude 
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Lemma 6. Assume that < r < mm{/i_, C(/i+, andO < 6 < 
1/2. Then the inequality 

(87) S{p)< JiQpMrA^^y))-d^ + I trx-tiQp,5,arA^,y))dt 

holds true for some k < c^y'&{V)r~^p~^, where the constant c in the esti- 
mate for K, can be chosen to be independent on V, p, M, r and 6. 

8. The Proof of Theorem g 



We are now in the position to complete the proof of formula (p9|). In the 
beginning we shall assume that V has uniformly bounded second deriva- 
tives and that V G L%R'^) n L'^+^{R'^) for some ^ < ^ and > 3. 

8.1. The estimate from above. First note that Gp^s is convex and conse- 
quently Gp40 < Gp,5,ar{0 for all ^ e R'^. Thus, 

iQpMrA^,y))-dl < [iGp,siO-Vpix))^d^ 



< (1-6)-' J{Qpi^,x)).d^ = j^^J:p{V). 

Simultaneously we have 

trx-t{QpA^rA'^,y)) < trx-t{GpA^)-Vp{y)) 

< Npi{Viil-6)xuX2,X3)-tp)^) 

for allt > 0. Hence, relations (|7|), @ and (g^) imply that 

(1 - 6)Sp{V) < ^piV) + C8.ij9(l + In ^) /" min {V^ kV+} dx + ^ \\V4% 
in the dimension d = 3,or 

{l-6)Sp{V)<J:p{V) + Cs.3p'^ J mm[vf^,Kvf^}dx + ^\\V4ltl 

if > 4, hold true for all p > M with k = cA^{V)r-^p~^. Since V*{t) < 
cs.5 \\V+\\j^gt^^ ^ we find that 

minjVV' ,kV+^ ^dx = J mm ^{V*) — , k{V;) — j dt 

< C8.6 ||V^+||l9 K 

and consequently 



d+l 
2 



4 



(88) Spiy) < + (1 _ 5)^3/.,, + (13^ 
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as < M < p with /? = ^ > if = 3 and 



(89) S,{V) < + C8.9^Y3^p^ + cs.io^Y^ 

as < M < p with /?=^-|>0ifrf>4. 

Pick now 6{p) = p"" and r = r(p) = min{/i+, C(yU+, yU_)5} with 
< e < 3. Since T^p{V) is of order p~ for large p, we claim 

limsup]9~^S'p(V) < lim p~^Sp(V). 

8.2. The estimate from below. On the other hand, from (|D|) and from the 
identity Hp{Cj = Hp^ariO for ^ e M'^\(S+ U S") it follows that 

Sp{V) > J{Qp,^^ + K)^d'y 

> ^p{V-pK) - I {Qp + K)_dj. 

JyeB+UB~ 

Next note that at least [^^^^7^] disjoint balls of radius r can be placed into 
the domains [r — 0] x (— r, r)^ and [0, /i+ — r] x (— r, r)^, respectively. 
Because of Hp(r], Q > Hp{r]', () for all \r]'\ < \r]\ we can conclude that 

/i± - r 
2r 



(Qp + «)-C?7 < / (Qp + K)-d'y 



and 



(90) Spiv) > ( 1 - - I i:piv-pK). 

Put now r = r{p) = with < a < 1. Then r ^ and simultaneously 

pn = C8.ii't?^/^(V^)r~^/^p~^/^ ^ asp ^ cx). Thus, it holds 

Ep(r-p«:)>Sp(V-5) 

for arbitrary 5 > if p is large enough. Because of the given class of 
potentials this means 

lim inf Sp{V) > lim ^p{V - 6) 

p— >oo p— ►oo 



d+1 



1)2— vr^ 



Since V G L'^z^ we can pass to the limit 6 —* 0. 
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8.3. The closure of the asymptotical formula. If d > 4, we finally apply 
inequality (^9|) in a standard manner to close asymptotics ( |59| ) to all poten- 
tials E f] However, for d = 3 the appropriate Lieb-Thirring 
inequality ( |4^ ) contains the logarithmic factor 1 + In -p, which prevents us 
from carrying out the same procedure in that case. 



9. The Proof of Theorem § 

For the proof of Theorem ^ we follow the main strategy of [ |ELSS| ] and 
apply the bounds (^, ([S^)and ( PPj ) of the previous section in a more subtle 
way. For the shortness of notation we shall write 

Yp = U{y;p)xo{Qp{i^,y)) = pUpXo{Qp{iV ,y)), 
where in agreement with our previous notation Up{y) = p~^U {yp~^). 



9.1. The estimate from above. Let {^p,n} be an o.n. system of eigen- 
functions corresponding to the negative part of Qp(iV,y). Then for any 
e e (0, 1) it holds 



trp ^Yp = ^ j Up{x)\i)p^n{x)\^dx 



< \ {tr {Qp{iM,y) - eUp). - tr {Qp{i^,y)).) . 

Here we make use of the variational property 

tr {Qp{tV, y) - tUp)^ > tr D{eUp - Qp{iS/ , y)) 
for any operator Q < D < l.VuiV, = V + eU . Then - imply that 



tr p~% < i - ^p{V - pk) + R{p, e, /i±, 5, V, U)) 

for all < M < p and e G (0, 1), where 

i2(p,e,/i±,(5,\/,f/) = Y^^'^piV:) + cj-^"^'*' 



S)p 



+^9-2 (1 - S)p^Pr^ + c^.srEpiV - pn) 



with /3 = ^ - f , Z3(p) = 1 + In ^ and Zd{p) = 1 for > 4. 
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Pick now S{p) — p and r = r(p) = min{/x_, C(//_, 
with < q; < 1. Fix e e (0, 1). Then r ^ 0, pre — > and the Umits 

(d+ 1)2— 7r<^ 7 

d-l , ^ UJi-l f d+1 

p-— EpO^ ^ ^3^53^ / V—dx, 

(d+l)2^7r<^7 

p-^E,(y-p.) ^ "V. , / ^^^^ 

(d+ 1)2— 7r<=^ 7 

hold true as p — > oo. From this we conclude that 

lim sup p~ '~tr YP < 3^3^ { Ve^ dx- V—dx 

P-^oo {d + l)2—7r'^ \J J 

Note that for non-negative U,V e and all e e (0, 1) we have 

e-'ivfi" -V'^\<^U{V + U)'^, 

where the function on the r.h.s. is integrable. Hence, by Lebegues' ma- 
jorization theorem we can pass to the limit e — > +0 and find 

d+l CVd f d-l 

limsupp 2 Yp < — / UV 2 dx. 

p— >oo 2 2 TT*^ J 

9.2. The estimate from below. Reversely, it holds 

trp-% > ^ {tr {QpiiV,y))^-tr {Qp{i^,y) + et/p)_) . 
Let V-e^V- eU with e e (0, 1). Then 

tr p-% > (Ep{V) - Ep{V., - pk) + Rip, e, /x±, 5, V,U)) , 
for all < M < p and e e (0, 1), where 

+^9-5 (1 - 5)p^PtP ^ C9.6rEp(l^_, - pk) 

with /3 = ^ - |, ;23(p) = 1 + In ^ and ^^(p) = 1 for d > 4. Passing to 
p — > oo as above we obtain 

liminf p"^tr > ^ — ^^^^-| — ( / V'^dx— I {V_.)J dx 

~(d+l)2^7rAy 7 ' 
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and for e ^ +0 by a majorized convergence argument this turns into 

liuiini p~^Yp > — / UV^dx. 

10. Appendix I: Phase Space Estimates for the Symbol 

g,(e,y) = //p(0- 

10.1. Preliminaries. Let y be a real function on R*^. Se\.Vp{y) — p~^V{p'~^y) 
and 



where 



for 



Hp{i) = r+(e) + r_(e) - Vi + M^p-^ 
= \|\{vT^^±? + \C\^ + ^AM'p-^ 



withe e = (?7,C)forei = e Mand = C G K'^"', 

M = m+ + m_, ^± = m±M~^ > 0, p > 0. Below we shall study 
properties of the phase space averages 

(91) Sp = E,(y) = {2n)-^J j {Qp{U))-didy, 

(92) 5p = 5^(1^) = (27r)-'^ / / d^dy. 

J JQp<0 



Set 
(93) 



Ap(y;V) ^ (27:)-'^ f d^. 

Qp<o 



Lemma 7. Assume that r = Mp ^ < 1. Then for any y e M*^ it holds 
(94) 

. / X uJdWUw + v){W + 2v)^W^ + 2Wv + T\l-4jl^)y 

K\y) = —1 ' 

(47r)rf(VF2 + 2VFz; + T2) — 
where W — W{y) — (l^(y))+ andv — \/l + r^. 

Proo/ Fix some point y e M*^. Since > we have ?/) > if 

— 0' what settles the statement in that case. Assume now Vp{y) > 0. 
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Put jl = {n- — /i+)/2 and r] = rj + fi. Then Qp{^, y) < is equivalent to 



(95) < A^-2[\C\' + ft' + \+[~^^ + -\T' 



where A = Vp + vT+T^. Thus, in particular, the condition 
(96) \C\' + f<B, B = ^-U' + \)r^-\ 



has to be satisfied. The bound (|9^) transforms into 

,.,2 f flT^ Y „ jl'^T^ 

(97) ICI' + — + <B- ' ^ 



A^ \' A^-1 4 



subject to the additional condition (|9q). For Vp{y) > we have A > 
Vl + and inequality ( |97| ) describes an ellipsoid with symmetry semi- 
axes of the length 



A I A^ liH^ 

h = r-r-. ^ \ B- — + 



^/W^ V 4 - 1 



4 

It is not difficult to see that /| < B for j = 2, . . . ,d and r < 1, while 
/i < 5^/^ — Thus the ellipsoid given by ( |97| ) is a subset of the sphere 
(p6|), and the volume of all admissible ^ is given by Udh ■ ■ - Id, what by 

B- — + '^'^^ _ (A'-l-r2)(A2-l-4/iV) 



4 4(^2-1) 
implies the second statement of the Lemma ^ □ 

Let us now assume that r = Mp^^ < 1 and m± > 0. Then /i^ < 1/4 and 
by ( F4[ ) the quantity Ap permitts the following two-sided estimate 

(98) 

r r-\Vp{y)fY on = {y|V;(y) < r^} 

Apiy;V)>^l (Vpiy))"^ on = {yk^ < V;,(y) < 1} , 

[ {Vp{y))i on ^3 = {y\Vp{y) > 1} 

or equivalently, 

(99) Apiy; V) x min {T~\Vp{y))i (V;(y))7'} + (V;.(y))t 
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which for fixed /i is uniform for all p and M satisfying r < 1. Hence, 
V+ e L'^/^iR'^) n L'^iR'^) is sufficient and necessary for 

(100) Ep{V) = j \{y- V)dy = p" j Ap{px; V)dx 

to be finite. 



10.2. Potentials V+ e L—{R'^) n L'^iR'^). For this class of potentials by 
( p8l ) the function p~Ap{p-) has an integrable majorant, and by Lebesgues' 
limit theorem it holds 

(101) 

limp-'^Sp= lim / p"^ Kp{py)dy = 3,^f / {V+{y))^dy. 



10.3. Potentials V+ e L 2 (M'^) n L'^+i(R'^). We find that the integrand 
on the r.h.s. of 

p^Y.p{V)=p^ Ep{V-sp)ds= / p'^Ap{py;V -t)d^ydt 
Jo Jo Jr'^ 

is for fixed ft bounded by a uniform multiple of 

ma.x{iViy)-t)'f,{Viy)-t)i}, 
which is integrable on [0, 00) x R'^ for V+ G L^{R'^) f] L'^+^(M^). Thus, 

\im p'^Epiy) = dt lim (p^Ap{py]V-t))dy 



2 2 tt'^ Jo 



00 



dt / {V{y)-t)^^ dy 



d+l 



(102) = / K,^ 

(d+ 1)2— vr^ jRd 

10.4. Potentials 1^+ G L^(M'^) nL'^(M'^) with < < f . For potentials 

where V+ is "strictly between" {R'^) n L'^(M'^) and Li (M*^) n L^(M^) 
the phase space volume shows a different behaviour in p. Let us study the 
model potential 

(103) V{y) = mm{l,v\y\-''/'}, 
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where ^ < 9 < ^. Then V = V+ e Li{W^) and \\V\\g^^ = c{e, d)v. The 
preliminary estimate ( l98| ) shows that 



l-d 



d-1 (d-i)(d-e) f I d(d-i) 

+v 2 p ^0 I \y\ 20 dy 

Jpv'd<\y\<p^+-3v'SM~~ar 



J|j/|>p^+Hi;3M""3" 

X /+VM'^-i-2e(i + o(l)) 

as p — >^ oo. After one has established the order of Sp in p, the same estimate 
now shows that 

Hp = (1 + 0(1)) / ^p{y)dy, 0<c< -, 
■/|j/|>pi+c " 

as p ^ oo. Hence, for ^ < < | it holds 



Sp = (1 + 0(1)) / K{y)dy 

J\y\>p^+<' 

= l + ol W-2-\- -^dy, 

where fi = l—Ap^ G (0, 1] and W{y) = p~^ min |l, asp ^ oo. 

This implies 



or 




(104) Sp = 


(1 + 


with 




L(ci,^,/i) = 






Jo 











{l))'^L^v'M''-^-^'L{d,e,ij)p'^^ as p-^oo 
(47r)'* 

(t + /i)5tf-^-ic/t 



d-l 
2 



(*+l) 

2 2 / V 2 2 2 



where is Gauss' hypergeometric function ([ |PBM| ] 2.2.6.24 p. 303). This 
result can be generalised to all potentials V with V^_|_ G fl L"^ for < 
^ < f and AeiV+) = 6eiV+) = c{e, d)v. 
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10.5. Potentials V+ e Li{R'^) n L'^(M'^) with ^ < 6 < A similar 
calculation can be carried out for the average Sp{V) if the potential ( |103| ) 
satisfies < 9 < ^ + 1 and is therefore "strictly" between CiL'^ and 



L2 +^ n L^. First, from one concludes in general that 

(105) Ep = Ap{y;V - sp)dyds 

Jo jRd 

(106) X / ep(i/;y)ci2/, 
for sufficient large p, where 

with X being the characteristic functions of (unions of) the respective sets 
flj defined in (p8|). For the potential V{y) = min{l, t>|?/|^e } at hand this 
gives the preliminary estimate 

Sp X /-^M'^+i-^e^'^ as p^oo. 

Moreover, the integration in ( ]106D and therefore in ( \105\ ) can be reduced to 
\y\ > p^^'^, < c < ^, without changing the asymptotical behaviour of the 
integrals. Hence, if ^ < 6 < ^ + l,(f) = {1 + o{l))2^ATT)-'^ujd as p ^ oo 
and a = 1 + cd6~^, we have 



{Vp-s)l{2{Vp-s)+ + T^^)idyd. 



s 



1"°° f°° {-r e — s)l{2{-r e — s)+ + r^/i) 2r'^ ^drds 

lu p / / — 

' U (2(^r~f-.)+ + r2)^ 



00 fvp 



(t - s)l{2{t - s)+ + T^li)h-'-^dtds 



lo Jo (2(t-s)+ + r2 

The later integral can be simplified as follows 



d+l 

2 



lo Jo (2x + r2)^ 



Jo (m + 1) 2 

Jo Jo {u + 1) 2 
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For a < 2 and 9 > ^ we finally claim 

(107) E, = {l + oil)f-^v'M'^'-^y-'m9,f.\ 
where K(d, 9, ft) denotes the finite positive constant 

Jo (M + 1) 2 

In fact, this asymptotics holds true for all V+ G n L^, ^ < 6* < | + 1, 

with Ae{V+) = 5g{V+) = c{9, d)v. 

11. Appendix II: An Estimate Np{V) < c{V)p^ in the Dimension 

d = 3. 

11.1. Statement of the result. In this appendix we show, that for certain 
short-range potentials with some repulsive tail at infinity the counting func- 
tion Npiy) in the dimension d = 3 is bounded by a multiple of p^. This 
complements the estimate (|13]). As above we concentrate on the case of 
positive masses m± > 0. 

Theorem 7. Assume that d = 3, m± > and that the bounded potential V 
satisfies the condition 

(108) V{x) < -a(l + |x| - b)'^, X G M^ |x| > b, 
for appropriate positive finite constants a, b and 7. Then 

(109) Np{V) < C{b + 1) V, p>M, 
where C = C{a, 7, || V^||^oo) does not depend on p and b. 

11.2. A locaUzation estimate in spatial coordinates. Consider the oper- 
ator 

T = V-A + 1 on L2(m3). 

Let (•, ■) and || ■ || be the scalar product and the norm in For positive 

b and 7 set <J7,fe(x) = (1 + \x\ — fe)^"^/^, x G M'^. The proof of Theorem [7| is 
based on the following improved localization estimate: 

Lemma 8. For any given positive number b one can find spherically sym- 
metric functions X\iX2 £ C^(M^), which are monotone w.r.t. the radial 
variable and satisfy 

(110) 

Xx{x) = \ if \x\<b, xi(a;) = if |x|>6 + l, x? + X2 = 1, 
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K{d,9rp)= \ 
Jo 



< c||mXi||^ + e \\uX2<^'y,bf 



such that for any e > and -y > the estimate 

2 

(111) {Tu,u) -Y^iTux 
holds true for all u G C^(M^) with some appropriate finite constant c = 

Proof. For given 6 > we can obviously chose spherically symmetric cut- 
off functions X11X2 ^ (^^(R'^), which are monotone in the radial variable 
and satisfy ( |110D as well as 

(112) Xi(a;)X2(a;) > for 6 < |x| < 6 + 1. 



According to formula (3.8) in QLY] ] the localization error of the operator T 
is given as follows 

2 

(113) (Tm,m) -^{Tuxj^uxj) = iLu,u), 

where L is an integral operator with the kernel 

K2{\x-y\)EU(xA^)-xMr 



L{x,y) 



(27r)^|x — 

Here K2 stands for the modified Bessel function and satisfies the estimate 



(114) 



\K2i\x-y\)\ <«|x-y|-V''l"-^l 



for appropriate a, k > 0. 

We shall now estimate the quadratic form on the r.h.s. of ( |113D . Be- 
cause of symmetry it suffices to estimate the respective integrals over the 
region |x| < \y \ only. Let 6 G (0, 1/2) be a positive number, which will be 
specified later. Put 



and define 

O2 
O3 

Then 
(115) 
where 



bs = b + l-5 

{{x,y)\ \x\ < \y\ < bs}, 

{ix,y)\ \x\ < b25, \y\ > bs}, 

{ix,y)\ \x\ < \y\, \x\ > 625, ix,y) ^ Oi U O2}. 

{Lu, m)l2(r3) = 2Re(/i + h + h), 

L{x,y)u{y)u{x)dxdy, k = 1,2,3. 



Ok 
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To estimate Ji we notice that 
(116) - < min{l,cii.i|a; - y|} for all x,y eR^. 

From dl 14| ) and ( |1 16D we conclude 

\L{x,y)\ < cn.2\x - y\''^mm{l,\x - y\'^} for all {x,y)eOi. 
Hence, it holds 

|/|i < i\u{x)\' + \uiy)\')\L{x,y)\dxdy 

J J {x,y)eOi 

< Cii.3 / \u{x)\'^dx / \x — yl'"^ mm{l,\x — y\~^}dy. 

J\x\<bs 

This gives 



(IIV) < Cii.4 / \u{x)\ dx < Cii.5(5) ||uXl||i2(K3) • 

J\x\<bs 

In the last step we used that Xii^) > cu.eiS) > for all |x| < bs, what on 
its turn follows from ( |1 12D and the radial monotonicity of Xi- 
We study now the integral I2 and observe that 

(118) <cn.7rVl"-^l for {x,y)e02. 

In view of 

\u{y)u{x)\ < 4~ierVWP + ^iHy)]"^, ei > 0, 
we find from ( |11S| ) that for any given 7 > and ei > the bound 

J\x\<b2s •J\y\>bs 

01') +'"4/ 

holds true. By ( |112[ ) and by the radial monotonicity of Xi and X2 we have 

Xi{x) > Cii.io((5) > for |x| < 625, 
X2{y) > cn.n{S) > for \y\ >bs>b. 

Moreover, it holds 

e-f(lyhM<cii.i2(7,5K.(l/), \y\>bs. 

Hence, the inequality ( |1 19[ ) implies 

(120) I/2I < cii.i3(5,ei) ||uxi||l2(k3) + cu,u{l,S)ei \\ux2'i^,b\\l^R3y 
Estimating we recall that 

(121) Xii^) = and X2{x) = 1 for all |a;| > 6 + 1. 
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Since Xi? X2 ^ C^(M^), for any given €2 > we can find an appropriate 
S = 5(62) e (0, 1/2) such that 

(122) |Vxi(x)P + \Vx2{x)\' < €2, hs <\x\<b + l. 



With this value of 6 the relations ( |121| ) and ( |122| ) imply 



2 

(123) ^(xj(x) - Xj(y))^ < e2min{45Mx -yp} , 62,5 < k| < 
Moreover, from ( |1 18D , ( |121D and ( |123| ) we conclude that 



|-^(a;,2/)| < e2Cii.i5|a; - y| ^ min {45^|x - y| ^,l}min{e ''^'^l ^ ^\l} 

for < \x\ < \y\ and L(x,y) = for & + 1 < |x| < |?/| . Therefore it 
holds 

IJ3I < 2'[[ i\uix)\' + \u{y)\')\Lix,y)\dxdy 

J J {x,y)e03 



< e2Cii, 



16 



/ \u{x)\'^dx / |x — ?/| ^ min{45^|x — ?/| '^,l}dy 

J\x\<b+1 Jr^ 



\uiy)\^dy — L--- I- ^1 , 
/, e«(l^l-^-i) ' 



min{4(5^ 


X — 


y 


-M} 






-y 


2 



Since e-t(l^l-^-i) < Cii,i8(7, '5)?7,fe(2/) for bl > ^25 and 5 G (0,1/2), we 
conclude that 



(124) IJ3I < 62011.19(7, 5)(||mXi|Il2(k3) + i|MX2'?7,fellL2 

We proceed now as follows. For given e > chose £2 > such that 
the total constant in front of the bracket in ( |124D for given b and 7 does not 
exceed e/4. Fix the corresponding 5{e2) > for ( |122D and subsequently 
( |124D to be satisfied. Finally, fix ei > such that the total constant in front 
of the term ||MX2S,b|lL2(iR3) ( |120[ ) for given b, 7 and ^(£2) does not exceed 
e/4. Then (jTB]) together with (|n§), as well as ( [TT7| ), (jng) and yield 



([TTT]). □ 

Remark 8. Let t^ei = Uei{P) be the regularized kinetic part of the operator 
@on L2(R3),thatis 

(125) 



trei = \j\^^+P - ^V|2 + m\ + ^J\^l-P + zV|2 + ml- + M2, 
where M > 0, /i-t = m-|-M~^ > 0, and P E M'^, p = \P\. As an immediate 



consequence of ( |110D in Lemma |] we find that for arbitrary positive e and 
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7 it holds 
(126) 

2 

{trelU,u) - ^(trelUXj,UXj) 

i=i 

The constant 0(7, e, yUj, M) can be chosen to be independent on P and b. 
11.3. A local estimate in momentum space. Let 



< c(7,e,/ij,M) ll^xif + e ||mX2?7,6| 



be the symbol of the operator ( |125| ) where M > 0, fi± = m±M~^ > 
and P,^ e Put ^ = (77, C) with 77 e M and C e M^. We recall that 

P = (p, 0, 0) and /i+ + /i_ = 1. 

Lemma 9. Assume that p > u > M and that ^ = (77, (^) satisfies 

(127) e G iy(z/,p) = mv\ > m u {mc\' > ^p)}. 

(128) >2-vi/v. 

Proof. Assume first jr^l > 3p > Su > 3M. Then 



(129) t.e/(e, P) > W + M2 - v/p2 + M2 > 3(V5 + V2)-V. 
If instead > z/p from u > M it follows that 



> 2-1|C|'(p=^ + |CI' + m2)-i/2 

Since p > u we conclude tre/(^,P) > 2-13^^/^. Together with ([12^ this 
completes the proof. □ 

11.4. Theproof of Theorem |7|. Let 

qrel{P)=trel{P)-V{y), P=(p,0,0), 

be the operator (Q) for = 3. Obviously the total multiplicity of the neg- 
ative eigenvalues of this operator coincides with Np{V). To verify ( |109| ) it 
suffices to construct a subspace G in ^^(IR^) of finite dimension dimC < 
Cb^p"^ such that 

(130) {qrei{P)u,u)L2{R3)>0 forall u E G, 



; 



where Gq is a g,.ei(P)-form dense subset of G = L^{R-^) Q G. 
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For given b construct the cut-off functions xi, X2 from Lemma ^j. Set 

n = (ni, 77-2, ^3) for rij E N+ and x = {xi,X2, X3) with Xj G M, j = 1, 2, 3. 
Let 6' = 6 + 1. We define 

= / b'-i n?=i sinvmj (i + ff) for \xj \ < b\ j = 1, 2, 3, 
"^1 otherwise. 

Let G = (^(ri, r^) be the linear span of all Un where 

and the positive real numbers ri, will be specified below. We put 

G = G{ti, t±) = {u\u = uxi, u E G}. 
Obviously we have 

dimG = dimG < nrife'V- 

To verify ( |130| ) we first notice, that from the boundedness of V, ( |108| ) 
and (|n^ it follows that 

(131) {qrel{P)u,u)L2(R3) > {treliP)uXl, UXl) L^R^) - c\\uXl\\l2r 



for all u E C^(M^). For fixed Xi the constant c = c(a, 7, || V^H^oo) does not 
depend on p,b' or u. Let ( z/, p) be the set defined in ( |127D of Lemma ^ for 
the choice u = 2'^3^/^c. Below we shall show, that for appropriate constants 
Ti = Tlic) and T± = T±{c), which do not depend on p, the bound 

(132) II^IUcM - ' u±G{ti,t^), 

holds true. From ( |132[ ) and ( |128[ ) we conclude that 

{trel{P)uXl,UXl)mm > {trel{^,P)ux\{O^UXliO)LHW(u,p)) 

> 4g||7l^||^2(H/(,,p)) 

> c||MXl||i2 



where M±G(ri, r^) and u E G^{M.^). Together with ( |T30| ) and ( pit ) the 
later bound settles the proof. 

In the remaining part of this section we establish ( |132D . Consider some 



function u±G. Then uxi-i-G and consequently uxi = X]^=i^j' where 
= E„eT, CnMn and 

Ti = {n\ni > nb'p}, 

T2 = {n\{n, < nb'p)} n {n\{n2 > r^b'p'^^)}, 

T3 = {n|(ni < nb'p)} n {n|(n2 < r^6'p'/')} H {n|(n3 > r^6y/')}. 
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Put W = R^\W{u,p). Since 



I'"Xi|Il2(vi/) < ^ ll^jiiL2(vy) ' 



for ( |132D it suffices to show that 



(133) 



< 6 ^ 11^2(^3) , j = 1,2,3. 



We shall verify ( |133| ) for j = 1. The proof for the cases j = 2, 3 is 
similar. Obviously we have ai = J2neri ^nUn where 



gi7r{nj + ^) 



Since 



l€i|<3p 



after integration in = (,^2, ^3) and using the notation r] = ^i, we find that 
(134) 



r7|<3p 



E 











2 TT^n^ 




_ 







Let us assume that > 727r ^. Then we have > > r/^ and 
> > in the denominator in the previous sum and thus 

drj 



(135) 



l<3p 



2 TT^n^ 
^7 ~ IfeTT 



2 _ vr-ni 
^/ 46/2 



Applying Schwarz inequality in the summations over ni and n[ together 
with ( [n5[ ) to we obtain 



l^illL2(iy) - 



\ni>rib'p / neNl 



Since E„i>n6p^i ^ < "^(nb'p) ^ and ^^^j^s |c„|2 = ||MXi|li2(K3) achoice 
of ri = 2 ■ 36 • 384 ■ tt^^ > 72 ■ vr^^ will yield ( [T33l ) for j = 1. 
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